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Three–body Hamiltonian

H = −
~∇2

~R

2M
+Hint Hint = M +

X

j=1,2

Hsp
j + Vl1,l2 (~r1 − ~r2, spin) −

~∇1 · ~∇2

mh

Hsp
j = −

~∇2
j

2µj
+ Vh,lj (~rj , spin), M = ml1 +ml2 +mh,

1

µj
=

1

mlj

+
1

mh
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Quark–quark Potentials
We use 5 different quark–quark potentials taken from

B. Silvestre-Brac, Few-Body Systems 20, 1 (1996)

R.K. Bhaduri, L.E. Cohler, Y. Nogami, Nuovo Cimento A65, 376 (1981)

Common structure:

Confinement term

OGE
Coulomb term
Hyperfine terms

Differences:

p = 1 (lattice QCD) or p = 2/3 (Regge trajectories)

Form factors in OGE terms

Parameters adjusted to light and heavy-light meson
spectroscopy

V qq̄
ij (r) = −

κ
“

1−e−r/rc
”

r
+λrp − Λ

+

(
a0

κ
mimj

e−r/r0

rr2
0

+ 2π
3mimj

κ′
`
1 − e−r/rc

´
e−r2/x2

0

π
3
2 x3

0

)
~σi~σj

V qq
ij (r) = 1

2
V qq̄

ij (r)
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Orbital wave functions

Variational Ansazt φ
Sl
l1,l2,h(~r1, ~r2) = Nφh

l1(r1)φ
h
l2(r2)F

Sl
l1,l2

(r12)

Sl: Total spin of the light degrees of freedom assumed to be fixed (Heavy
Quark Symmetry limit)

φh
lj

(rj) = (1 + αj rj)ψ
h
lj

(rj)

Ground state wave function ψh
lj

(rj) for the relative motion of the light–quark

heavy–quark system corrected at large distances

Jastrow correlation function

F
Sl
l1,l2

(r12) = f
Sl
l1,l2

(r12)

4X

j=1

aj e
−b2j (r12+dj)2 a1 = 1

fSl
l1,l2

(r12) =

8
<
:

1 − e−c r12 if Vl1,l2(r12 = 0, Sl) � 0

1 if Vl1,l2(r12 = 0, Sl) ≤ 0

In momentum space:

eφSl
l1,l2,h( ~Q1, ~Q2) =

1

(2π)3/2

Z
d 3P N eφh

l1(|~P |) eφh
l2(|~Q1 + ~Q2 − ~P |) eFSl

l1,l2
(|~Q1 − ~P |)
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Baryon states

˛̨
˛B, s ~P

E

NR
=

Z
d 3Q1

Z
d 3Q2

1√
2

X

α1,α2,α3

ψ̂
(B,s)
α1,α2,α3 ( ~Q1, ~Q2 )

(2π)3
p

2Ef1
(|~p1|)2Ef2

(|~p2|)2Ef3
(|~p3|)

×
˛̨
˛̨ α1 ~p1 =

mf1

M
~P + ~Q1

fl ˛̨
˛̨ α2 ~p2 =

mf2

M
~P + ~Q2

fl ˛̨
˛̨ α3 ~p3 =

mf3

M
~P − ~Q1 − ~Q2

fl

with

αj ≡ (sj , fj , cj), 〈α′~p ′|α ~p 〉 = δα, α′ (2π)3 2E(|~p|) δ3(~p− ~p ′)

The normalization is given by

NR 〈B, s′ ~P ′|B, s ~P 〉NR = δs, s′ (2π)3 δ3( ~P − ~P ′)

An example:

ψ̂
(Ξ0

c,s)
α1, α2, α3 ( ~Q1, ~Q2 ) =

εc1 c2 c3√
3!

(1/2, 1/2, 0; s1, s2, 0)

× δs3, s δf3, c√
2

“
δf1, d δf2, s

eφSl=0
d,s,c ( ~Q1, ~Q2 ) − δf1, s δf2, d

eφSl=0
s,d,c ( ~Q1, ~Q2 )

”
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Pion emission amplitude
PCAC:

∂µ Jd u
A µ(x) = fπ m2

π Φπ−(x) , fπ = 130.7MeV

Matrix elements

〈

B′, s′ ~PB′

∣

∣ qµ Jd u
A µ(0)

∣

∣ B, s ~PB

〉

= −i fπ
m2

π

q2 − m2
π

A
(s,s′)
BB′π(PB, PB′)

A
(s,s′)
BB′π(PB, PB′) : Pion emission amplitude

Pion–pole contribution

〈

B′, s′ ~PB′ | qµ Jd u
A µ(0) |B, s ~PB

〉

pion−pole
= −i fπ

q2

q2 − m2
π

A
(s,s′)
BB′π(PB, PB′)

Non–pole contribution
〈

B′, s′ ~PB′ | qµ Jd u
A µ(0) |B, s ~PB

〉

non−pole
= i fπ A

(s,s′)
BB′π(PB, PB′)

– p.7/14



Σc → Λc π decay
A

(s,s′)

Σ++
c Λ+

c π+
(P, P ′) =

−i

fπ

〈

Λ+
c , s′ ~P ′

∣

∣ qµ Jd u
A µ(0)

∣

∣ Σ++
c , s ~P

〉

non−pole

= igΣ++
c Λ+

c π+ uΛ+
c s′(~P ′ ) γ5 uΣ++

c s(
~P )

Γ(Σ++
c → Λ+

c π+) =
|~q |

8πM2
Σ++

c

g2
Σ++

c Λ+
c π+

(

(MΣ++
c

− MΛ+
c
)2 − m2

π

)

Using ~P ′ = −|~q |k̂ and taking into account the different normalization of our NR states

gΣ++
c Λ+

c π+ =
−1

fπ

√

EΛ+
c
(|~q |) + MΛ+

c

√

2MΣ++
c

2EΛ+
c
(|~q |)

|~q |
√

2MΣ++
c

×
(

(MΣ++
c

− EΛ+
c
(|~q |)) A

1/2,1/2

Σ++
c Λ+

c , 0
+ |~q | A

1/2,1/2

Σ++
c Λ+

c , 3

)

A
1/2,1/2

Σ++
c Λ+

c , µ
=

NR

〈

Λ+
c , 1/2 − |~q |~k

∣

∣ Jd u
A µ(0)

∣

∣ Σ++
c , 1/2 ~0

〉

NR, non−pole
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Σc → Λc π decay: Results
g
Σ

++
c Λ

+
c π+ Γ(Σ++

c → Λ+
c π+) Γ(Σ+

c → Λ+
c π0) Γ(Σ0

c → Λ+
c π−)

[MeV] [MeV] [MeV]

This work 21.73 ± 0.32 ± 0.08 2.41 ± 0.07 ± 0.02 2.79 ± 0.08 ± 0.02 2.37 ± 0.07 ± 0.02

Experiment 2.3 ± 0.2 ± 0.31) < 4.6 (CL=90%)2) 2.5 ± 0.2 ± 0.31)

2.05+0.41
−0.38 ± 0.383) 1.55+0.41

−0.37 ± 0.383)

Theory

CQM 1.31 ± 0.044) 1.31 ± 0.044) 1.31 ± 0.044)

2.025+1.134
−0.987

5) 1.939+1.114
−0.954

5)

HHCPT 22, 29.36) 2.47, 4.386) 2.85, 5.066) 2.45, 4.356)

2.57) 3.27) 2.47)

1.94 ± 0.578)

LFQM 1.649) 1.709) 1.579)

RTQM 2.85 ± 0.1910) 3.63 ± 0.2710) 2.65 ± 0.1910)

1) M. Artuso et al. (CLEO Coll.), Phys. Rev. D65,071101 (2002)
2) R. Ammar et al. (CLEO Coll.), Phys. Rev. Lett. 86, 1167 (2001)
3) J. M. Link et al. (FOCUS Coll.), Phys. Lett. B525, 205 (2002)
4) J. L. Rosner, Phys. Rev. D52, 6461 (1995)
5) D. Pirjol, T. M. Yan, Phys. Rev. D56, 5483 (1997)
6) T. M. Yan et al., Phys. Rev. D46, 1148 (1992)
7) M.-Q. Huang, Y.-B. Dai, C.-S. Huang, Phys. Rev. D52, 2986 (1995)
8) H.-Y. Cheng, Phys. Lett. B399, 281 (1997)
9) S. Tawfig, P. J. O’Donnell, J. G. Körner, Phys. Rev. D56, 054010 (1998)

10) M. A. Ivanov, J. G. Körner, V. E. Lyubovitskij, A. G. Rusetsky, Phys. Rev. D46, 1148 (1999); Phys. Lett. B442, 435 (1998) – p.9/14



Σ
∗
c → Λcπ decay

A(s,s′)

Σ∗++
c Λ+

c π+
(P,P ′) =

−i
fπ

D
Λ+

c , s
′ ~P ′

˛̨
˛ qµ Jd u

A µ(0)
˛̨
˛ Σ∗++

c , s ~P
E

non−pole

= i
g
Σ∗++

c Λ+
c π+

2M
Λ+

c

qν uΛ+
c s′

( ~P ′ ) uν

Σ∗++
c s

( ~P )

Γ(Σ∗++
c → Λ+

c π
+) =

|~q |3
24πM2

Σ∗++
c

g2
Σ∗++

c Λ+
c π+

4M2

Λ+
c

“
(M

Σ∗++
c

+M
Λ+

c
)2 −m2

π

”

g
Σ∗++

c Λ+
c π+ =

√
3

fπ

√
2

2M
Λ+

c

q
2M

Σ∗++
c

2E
Λ+

c
(|~q |)

|~q |
r

2M
Σ∗ ++

c

“
E

Λ+
c

(|~q |) +M
Λ+

c

”

×
„

(M
Σ∗++

c
− E

Λ+
c

(|~q |)) A1/2,1/2

Σ∗++
c Λ+

c , 0
+ |~q | A1/2,1/2

Σ∗++
c Λ+

c , 3

«

A
1/2,1/2

Σ∗++
c Λ+

c , µ
=

NR

D
Λ+

c , 1/2 − |~q |~k
˛̨
˛ Jd u

A µ(0)
˛̨
˛ Σ∗++

c , 1/2 ~0
E

NR, non−pole
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Σ
∗
c → Λcπ decay: Results

g
Σ
∗++
c Λ

+
c π+ Γ(Σ∗ ++

c → Λ+
c π+) Γ(Σ∗ +

c → Λ+
c π0) Γ(Σ∗ 0

c → Λ+
c π−)

[MeV] [MeV] [MeV]

This work 36.20 ± 0.75 ± 0.13 17.52 ± 0.74 ± 0.12 17.31 ± 0.73 ± 0.12 16.90 ± 0.71 ± 0.12

Experiment 14.1+1.6
−1.5 ± 1.411) < 17 (CL=90%)2) 16.6+1.9

−1.7 ± 1.411)

Theory

QCDSR 13.8 ÷ 24.212)

32.5 ± 2.1 ± 6.913)

CQM 204) 204) 204)

HHCPT 257) 257) 257)

LFQM 12.849) 12.409)

RTQM 21.99 ± 0.8710) 21.21 ± 0.8110)

11) S. B. Athar et al. (CLEO Coll.), Phys. Rev. D71, 051101 (2005)
12) A. G. Grozin, O. I. Yakovlev, Eur. Phys. J. C2, 721 (1998)
13) S.-L. Zhu, Y.-B. Dai, Phys. Lett. B429, 72 (1998)
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Ξ
∗
c → Ξcπ decay

A(s,s′)

Ξ∗ +
c Ξ0

cπ+
(P, P ′) =

−i
fπ

D
Ξ0

c , s
′ ~P ′ | qµ Jd u

A µ(0) |Ξ∗+
c , s ~P

E

non−pole

= i
g
Ξ∗ +

c Ξ+
c π+

M
Ξ+

c
+MΞ0

c

qν uΞ0
c s′(~P

′ ) uν

Ξ∗ +
c s

(~P )

Γ(Ξ∗+
c → Ξ0

cπ
+) =

|~q |3
24πM2

Ξ∗+
c

g2

Ξ∗ +
c Ξ0

cπ+

(M
Ξ+

c
+MΞ0

c
)2

“
(M

Ξ∗ +
c

+MΞ0
c
)2 −m2

π

”

g
Ξ∗ +

c Ξ0
cπ+ =

√
3

fπ

√
2

(M
Ξ+

c
+MΞ0

c
)
q

2M
Ξ∗+

c
2EΞ0

c
(|~q |)

|~q |
r

2M
Ξ∗ +

c

“
EΞ0

c
(|~q |) +MΞ0

c

”

×
“
(M

Ξ∗+
c

− EΞ0
c
(|~q |)) A1/2,1/2

Ξ∗ +
c Ξ0

c, 0
+ |~q | A1/2,1/2

Ξ∗ +
c Ξ0

c, 3

”

A
1/2,1/2

Ξ∗ +
c Ξ0

c, µ
=

NR

D
Ξ0

c , 1/2 − |~q |~k | Jd u
A µ(0) |Ξ∗+

c , 1/2 ~0
E

NR, non−pole
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Ξ
∗
c → Ξcπ decay: Results

g
Ξ
∗ +
c Ξ0

cπ+
Γ(Ξ∗+

c → Ξ0
cπ+) Γ(Ξ∗+

c → Ξ+
c π0) Γ(Ξ∗ 0

c → Ξ+
c π−) Γ(Ξ∗ 0

c → Ξ0
cπ0)

[MeV] [MeV] [MeV] [MeV]

This work −28.83 ± 0.50 ± 0.10 1.84 ± 0.06 ± 0.01 1.34 ± 0.04 ± 0.01 2.07 ± 0.07 ± 0.01 0.956 ± 0.030 ± 0.007

Theory

LFQM 1.129) 0.699) 1.169) 0.729)

RTQM 1.78 ± 0.3310) 1.26 ± 0.1710) 2.11 ± 0.2910) 1.01 ± 0.1510)

Γ(Ξ∗+
c → Ξ0

cπ+ + Ξ+
c π0) Γ(Ξ∗+

c → Ξ0
cπ+ + Ξ+

c π0)

[MeV] [MeV]

This work 3.18 ± 0.10 ± 0.01 3.03 ± 0.10 ± 0.01

Exp. < 3.1 (CL=90%)14) < 5.5 (CL=90%)15)

Theory

CQM < 2.3 ± 0.14) < 2.3 ± 0.14)

1.191 ÷ 3.9715) 1.230 ÷ 4.0745)

HHCPT 2.44 ± 0.858) 2.51 ± 0.888)

LFQM 1.819) 1.889)

RTQM 3.04 ± 0.5010) 3.12 ± 0.3310)

14) L. Gibbons et al. (CLEO Coll.), Phys. Rev. Lett. 77, 810 (1996)
15) P. Avery et al. (CLEO Coll.), Phys. Rev. Lett. 75, 4364 (1995)
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Summary
First dynamical calculation of these observables within a
non relativistic quark model

Wave functions

Obtained using a variational ansazt made possible by
HQS constraints

One–pion emision amplitude

We use PCAC to relate the one–pion emission
amplitude to weak current matrix elements

Results

Stable against different quark-quark interaction

Overall good agreement with experiment
– p.14/14
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